MINIMAL GENUS IN 4-MANIFOLDS WITH A FREE CIRCLE 

ACTION 



STEFAN FRIEDL AND STEFANO VIDUSSI 

Abstract. Let A be a closed irreducible 3-manifold and assume N is not a graph 
manifold. We improve for all but finitely many S^-bundlcs M over N the adjunc- 
tion inequality for the minimal complexity of embedded surfaces. This allows us 
to completely determine the minimal complexity of embedded surfaces in all but 
finitely many ^-bundles over a large class of 3-manifolds. 



1. Introduction and main results 

1.1. Complexity of surfaces in 4— manifolds. Given a compact surface E with 
connected components Ei, . . . , E/ its complexity is defined as 



X-(S) = ^max(- X (E l ),0). 



i=l 



Given a smooth closed 4-manifold M and a G H2(M) we define 

x(a) := min{x_(E) | E C M embedded surface which represents a}. 

It is a classical problem to determine x for a given 4-manifold. A key tool for finding 
lower bounds on x comes from the adjunction inequality (see [MST97] ). which states 
that when M has b + (M) > 1, if E C M is a connected embedded surface with 
g(E) > and non-negative intersection number, then 

(1) X _(E)>[E].[E] + «.[E]. 

Here k G H 2 (M) is a Seiberg-Witten basic class of M, i.e. the Chern class of a 
Spin c -structure for which the Seiberg-Witten invariant is nontrivial. 

It is natural to ask whether the inequality of Equation ([Tj) gives the best possible 
bound on complexity, and if basic classes determine the complexity function of a 
4-manifold. In this regard it is instructive to look at the comparable situation for 
3-manifolds. Given a 3-manifold N and a class a G H 2 (N) we define the Thurston 
norm of a (see |Th86j ) to be 

\\ct\\t '■= mm {X-(^) I E C N embedded surface which represents a}. 
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The 3-dimensional Seiberg-Witten basic classes give again a lower bound on the 
complexity of surfaces. More precisely under the assumption that bi(N) > 1 and 
a G H 2 (N) the adjunction inequality for 3-manifolds states that 



where k G H 2 (N) is a Seiberg-Witten basic class of N (see [Kr98j or |Au96j for 
details). 

It is well known that in general there exists no basic class which turns (T5]) into an 
equality. But an equality can be obtained, at least for a large class of 3-manifolds, 
using monopole classes. More precisely Kronheimer and Mrowka |KM97] showed that 
if N is irreducible given any a G H 2 (N) there exists a Seiberg-Witten monopole class 
k of N such that 



By the respective definitions, a Seiberg-Witten basic class is also a monopole class, 
but the converse does in general not hold, and it is easy to give examples where the 
inequality of <^ is strict. 

We now return to the study of 4-manifolds. The above discussion suggests that the 
adjunction inequality for 4-manifolds in general is not sharp. This is indeed the case, 
but it is not easy to pin down examples where this occurs. The most relevant instance 
in this sense comes from Kronheimer's refined adjunction inequality for manifolds of 
the form S 1 x N 3 . More precisely, Kronheimer |Kr98l Corollary 7.6] |Kr99] proved 
that if N is an irreducible closed 3-manifold such that the Thurston norm does not 
identically vanish, then given any a G ^(S 1 x N) the following inequality holds: 

(3) x(a) > \a ■ a\ + \\p*a\\T, 

where p: S 1 x iV — >■ N denotes the projection map. It is easy to find examples where 
this refined adjunction inequality becomes an equality while the adjunction inequality 
in (pQ) is strict. A second type of results, more closely connected with the approach of 
this paper, is contained in [FV09j . where the authors used Seiberg Witten invariants 
of finite covers to improve the adjunction inequality for manifolds M that admit a 
free circle action. 

1.2. Complexity of surfaces in 4— manifolds with a free S 1 — action. In this 
paper we will show that in most cases the Seiberg-Witten invariants of finite covers 
contain enough information to recover Kronheimer's inequality for closed irreducible 
3-manifolds (with the exclusion of non-npc graph manifolds, i.e. graph manifolds 
that do not admit a nonpositively curved metric), without any assumption on the 
Thurston norm of N. Moreover, we will extend that inequality for circle bundles 
p: M —> N with Euler class e G H 2 (N) \ Hjv, where S^r is a finite subset (described 
in Section 13. ip determined by the Thurston norm of N, that does not contain any 
torsion elements. Precisely, the main result of this paper is then the following: 



(2) 



0~\\T > K • 0~, 




— k ■ a. 
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Theorem 1.1. Let N be a closed irreducible 3-manifold and assume N is not a 
non-npc graph manifold. Let p: M — >• N be the circle bundle with Euler class e G 
H 2 (N) \ Sjv- Then for any a G H 2 (M) we have 

(4) x{a) > \a • a\ + \\p*cm\\t- 

Remark. 1. This theorem was proved by Kronheimer [Kr99j for the case e = 0, i.e. 
M = S 1 x N, under the assumptions mentioned in the previous section. 
2. If the intersection number a ■ a is zero, then the conclusion of the theorem, 
without any restrictions on N, also follows immediately from the following result of 
Gabai [GaM Corollary 6.18]: 

||(t||t = min{x_(S) | £ C N immersed surface which represents a}. 

In fact, in this paper we will show in Lemma [3751 that the conclusion of Theorem ll.il 
hold for all closed irreducible 3-manifold whose fundamental group is virtually RFRS, 
i.e. admits a finite index subgroup which is RFRS. This assumption, introduced by 



Agol in Ag08| (and discussed in Section 13. 3j) is the key topological condition which 



allows us to get a handle on Seiberg-Witten invariants of finite covers of N via Agol's 
virtual fibering theorem. Theorem 11.11 is then consequence of this result and the 
following 

Proposition 1.2. Let N be a closed irreducible 3-manifold, then tti(N) is virtually 
RFRS, unless N is a non-npc graph manifold. 

Proposition [L2] combines work of Wise ( [Wi09j . |Wil2| Section 14] and [Willi 
Section 15.2]) and Agol ( |Agl2| ) for the case of hyperbolic manifolds, Liu ( [Lillj ) for 
the case of graph manifolds, and finally Przytycki-Wise ( |PW12| ) for the case of mixed 
manifolds, where the authors prove that the fundamental group of the manifolds under 
discussion are virtually special. In turn, this condition (whose precise definition is of 
no concern to us) implies by [HW08j and Ag08 Corollary 2.3] that the fundamental 



group is virtually RFRS. It is worth mentioning that partial results in this direction 
had been obtained in Bergeron and Wise [BW09j and Chesebro, Deblois and Wilton 
[CDW09] . 

1.3. Complexity in S 1 — bundles over nice 3— manifolds. We now investigate 
some conditions under which the refined adjunction inequality of Theorem 11.11 is 
sharp, i.e. the complexity function is determined by the Thurston norm of N. In 
the same vein, we examine whether the complexity function exhibits properties that 
correspond to those of the Thurston norm. 

Definition. Let N be a closed irreducible 3-manifold and assume N is not a non-npc 
graph manifold. Denote H := Hi(N; Z) /torsion. We say N is nice if its multi- 
variable Alexander polynomial A N = J2heH a h ' h ^ Z[if] (see e.g. [FVlOj for the 
definition) has the property that 0(Ajv) := J2heH a h ' t £ Z[t ±:l ] is non-zero for 
any epimorphism : H — > Z = (t). 



4 



STEFAN FRIEDL AND STEFANO VIDUSSI 



It is easy to see that a 'generic' non-zero polynomial A G Z[if] has the property 
that all possible one-variable specializations 0(Ajy) are non-zero. We refer to Section 
|4~T1 for details. 

The following result, which is inspired by |Kr99| Corollary 2] in the product case, 
follows immediately from Theorem 11.11 and Lemmas 14.11 and 14.21 This corollary com- 
pletely determines the complexity function of all but finitely S^-bundles over nice 
3-manifolds. 

Corollary 1.3. Letp: M — > N be an S 1 -bundle over a nice 3-manifold N . Ife ^ Syv, 
then for any a G H 2 (M) the following equality holds: 

x(a) = \at ■ a\ + ||p*a||r- 

Before we continue in our discussion we want to recall that the Thurston norm has 
the following properties (see [Th86] and |Ga83j ): 

(1) linearity on rays, 

(2) triangle inequality, 

(3) multiplicativity under finite covers, i.e. given a finite cover 7r: N — > N and 
a G H 2 (N) we have 

||7T*er||r = deg 7T 1 1 cr 1 1 t , 
where it* : H 2 (N) — > H2(N) is the transfer map in homology. 
Note that (1) and (2) imply that the Thurston norm on H 2 (N; Z) extends to a (semi) 
norm on H 2 (N; M.). We now consider the Thurston norm unit ball 

B N := {a G H 2 (N;R) | ||<r|| T < 1} C H 2 (N;R). 

By [Th86j this is a finite, convex, rational polyhedron. We say a G H 2 (N;M.) is a 
fibered class if there exists a non-degenerate closed 1-form ip on N such that a = 
PD([ip]). Thurston |Th86] proved the following relationship between the Thurston 
norm ball and fibered classes: 

(4) A fibered class a lies in the cone on an open top dimensional face F of 
and any other class in the open cone on F is also fibered. 

It is a natural question whether the complexity function x on 4-manifolds exhibits 
similar naturality properties. In fact, Corollary 11.31 asserts that for most S^-bundles 
over a nice 3-manifold the function 

x'(a) := x(a) — \a ■ a\ 

satisfies Properties (1) and (2), i.e. x' is linear on rays and it satisfies the triangle 
inequality. 

Regarding Property (3), we can prove the following theorem, that provides a family 
of manifolds that satisfy the properties requested in Question 7.8 of [ Kr98] . In the 
statement we are constrained to exclude, this time, an infinite set of choices 0yv C 
H 2 (N) for the Euler class. This set is given by classes which are multiples, in rational 
cohomology, of elements in H^r- 
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Theorem 1.4. Let N be a nice 3-manifold. Letp: M — >■ N be a circle bundle of Euler 
class e G H 2 (N)\Q^ . Then the minimal complexity function x is multiplicative under 
finite covers. 

We thus see that in many cases x' is indeed well behaved. 

Regarding Property (4), it is well-known that symplectic classes of 4-manifolds 
in many ways play the role of fibered classes on 3-manifolds. Here we say that 
a G H 2 (M;M.) is symplectic if there exists a symplectic form u on M such that 
a = PD([u]). In |FV12al IFV12cj we showed that a class a G H 2 (M; M) is symplectic 
if and only if it is contained in the positive cone of H 2 (M; M) and H 2 (N; R) is 

contained in the fibered cone of N (in particular, N fibers over S 1 ). Combining this 
with Corollary 11.31 we get the following. 

Theorem 1.5. Letp: M —> N be an S l -bundle over a nice 3-manifold. If e r.^, 
then x' : H 2 {M]1 I ) — >■ Z> gives rise to a seminorm x' on H 2 (M;M) — >■ M>o, which 
has the following property: If a G H 2 (M) is a symplectic class, then it lies on the 
cone over an open top dimensional face F of the unit norm ball of x' , and any other 
class in the cone on F is also symplectic. 

Remarks. 1. It is a very interesting question whether the results of this section hold 
for any S^-bundle over nice 3-manifold. It is likely that the exclusion of certain Euler 
classes is only due to the limitations of our method. 

2. The restriction to nice 3-manifolds is not optimal, but the discussion of certain 
examples in Section I4TT1 suggests that there may exist 3-manifolds N such that equal- 
ity in Corollary 11.31 does not even hold for S 1 x N, and similarly, that all the other 
theorems also fail to hold for such examples. In particular the examples suggest that 
x' may not always well behaved. 

In |FV12b] we use related ideas to show that twisted Alexander polynomials detect 
the Thurston norm of most irreducible 3-manifolds. 

Acknowledgment. We wish to thank Genevieve Walsh for a very helpful conversa- 
tion. 

2. Preliminaries 

We start by recalling some elementary facts about the algebraic topology of a 4- 
manifold M that is the total space of a circle bundle p: M — > N over a 3-manifold 
with nontorsion Euler class e G H 2 (N). The Gysin sequence (with either integer or 
real coefficients) reads 

H°(N) H 2 (N) -C H 2 (M) — H\N) H 3 (N) 

'■ 

H 3 (N) — Hi(N) H 2 (M) — H 2 (N) — H (N), 
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where : H 2 (M) — > i/ 1 (A r ) denotes integration along the fiber. Note that, in par- 
ticular, we have 

-> (e) -> # 2 (A0 A # 2 (M) ^> ker(-e) -> 0, 

where we have denoted by (e) the cyclic subgroup of H 2 (N) generated by the Euler 
class and by ker(-e) the subgroup of H 1 (N) whose pairing with the Euler class van- 
ishes. It follows that b 2 {M) = 2&i(JV)-2. It is not difficult to verify that sign(M) = 0, 
hence &£(M) = 6i(JV) - 1. 

We will also consider finite covers km' M — > M of M, and we collect here some 
results that will be of use. The manifold M carries free ^ircle action whose orbit 
space we denote by N, so we have an S^-bundle p: M — >■ N. The latter 3-manifold 
is itself a finite cover : N — > N, so that the S^-bundle map and the covering map 
are related by the commutative diagram 



Note that, in general, p: M — > N is not the pull-back bundle under ir^ of p: M — > 
N. In fact, a fiber of p is the connected cover of degree q of the fiber of p, where 
q is the index of ni^S 1 ) PI tti(M) </j tti^S 1 ), here 71"! (S 1 ) < iri(M) denotes the 
(central) subgroup carried by the fiber of p : M ^ N . (The case of pull-back bundle 
corresponds to q = 1.) The degrees of ttm and it^ are then related by the formula 
deg7TM = <?deg7r7v. The Euler class e G H 2 (N) of the ^-bundle p: M — >• N and the 
Euler class e G H 2 (N) of the S^-bundle p: M — >• N are related by the equation (see 
e.g. [Er9lp 

(5) qe = n* N eeH 2 (N). 

As 7r^: H 2 (N;Q) — > H 2 (N;Q) is injective, e is nontorsion. 

We will make use of the following inequalities. Given a G H2(M) and a G H2(N), 
we have 

x(7r* M a) < degvr M -x(a), 

(6) Km^ " ^m^I = deg7Tjvf • | a • a|, 

||7r^cr|| T = deg7Tjv • ||cr|| T . 

The first two statements are trivial and the third is the multiplicativity of the Thurston 
norm under finite covers. 

Finally, we are interested in the Seiberg-Witten basic classes of M. Conveniently, 
we will be able to restrict the study of Seiberg-Witten invariants to the case where 
&2 (M) > 1, avoiding this way the technicalities that appear for &^~(M) = 1. Under 
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that assumption, Baldridge has proven in |Ba01] that the Seiberg-Witten invariants 
can be written in terms of 3-dimensional Seiberg-Witten invariants as follows: 

Theorem 2.1. (Baldridge) Let N be a closed 3-manifold with b\(N) > 2, and 
let p: M — > N be the circle bundle with nontorsion Euler class e G H 2 (N). Then 
the Seiberg-Witten invariant of the pull-back p*c G Spin c (M) of a Spin c -structure 
c G Spin c (A r ) is given by 

SW M (p*c) = SW N (c + le) G Z 
and vanishes for all other Spin c -structures. 

Remarks. 1. It is well-known that in the case e = 0, i.e. M = S 1 x N the equality 
SW M (p*c) = SW N (c) holds. 

2. Note that, while this theorem asserts that the set supp(SWjy/) C Spin c (M) is con- 
tained in the image, under p* : Spin c (iV) -»■ Spin c (M), of supp(SWjv) C Spin c (A r ), it 
does not imply that the image of a 3-dimensional basic class must be a 4-dimensional 
basic class, as the averaging process in the formula above can (and in examples does) 
cause the 4-dimensional invariant to vanish. 

3. The refined adjunction inequality 

3.1. The dual Thurston norm ball. Let iV be a closed 3-manifold. Recall that 
we denote by C H 2 (N; M.) the Thurston norm ball. We now denote by 

B* N := {£ G H 2 (N; M) | f • a < 1 for all a G B N } C H 2 (N; R) = H^N; R), 

the ball dual to B^. We will refer to B* N as the dual Thurston norm ball. By [Th86] 
this is a finite, convex, compact polyhedron in H 2 (N;M.) such that all vertices lie in 
the image of i: H 2 (N) — > H 2 (N;~R). Note that the /c-dimensional faces of Bn are 
in one-to-one correspondence with (bi(N) — 1 — k) -dimensional faces of B^. More 
precisely, if a G H2(N; R) lies on an open /c-dimensional face, then 

{£Gtf 2 (iV;R)|£-a = l} 

is a (pi(N) — 1 — /c)-dimensional face of B* N . 

Note that we can recover the Thurston norm of N from B* N . In fact, if we denote 
by V the set of vertices of B* Nl then for any o G Hi{N\l&) the following equality 
holds: 

||o"||t = max{ti ■ a \ v G V}. 
It is clear that if H C H 2 (N; R) is any subset that has the property that 

\\o~\\t = max{/i • a \ h G H}, 
for any a G H 2 (N; R), then V C H. 
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We define now two subsets of H 2 (N) that enter in the statement of our main results. 
Consider first the following subset of H 2 (N;R): 

£ N = {w E H 2 (N; R) \ {0} | there exists v G V such that 

v + 2w lies on an edge of B^}. 

Given the canonical map H 2 (N) — > H 2 (N;R), we define E N C H 2 (N) to be the 
inverse image of Sn, and Gjy C H 2 (N) to be the inverse image of M + ■ Sn- Neither 
Syv or ©7v contain any torsion elements. Note that 5 at is finite, while Gat is not. 
However, it should be clear that "most" classes belong to H 2 (N) \ G/v- 

3.2. The adjunction inequality for S 1 — bundles. We will later use the following 
consequence of the adjunction inequality ([T]): 

Theorem 3.1. Let N be a closed irreducible 3-manifold with bi(N) > 2 and let 
p: M — > N be a circle bundle. Let a G H 2 (M). Then the following inequality holds 
for any basic class k of M: 

x(a) > \a • a\ + k • a. 

Proof. Let a G H2(M) and let k be a basic class of M. Let E C M be an embedded 
surface which minimizes the complexity of a. We denote the components of E by 
Ei, . . . , E;. As iV is irreducible, 7r 2 (M) vanishes, hence all the Ej's must have pos- 
itive genus. If Ej has positive self-intersection, then it follows from the adjunction 
inequality §1$) that 

X-(Ei) > [S^ • [Ej] + k ■ [Ej] . 
On the other hand, if Ej has negative self-intersection, then we consider Ej as a 
surface in —M. It follows from Theorem 12.11 that k is a basic class for M if and only 
if k is a basic class for —M. It is well-known that if k is a Seiberg-Witten basic class, 
then —k is a Seiberg-Witten basic class. Using these observations one can now easily 
show that 

X-(Si)> -Pi] + k.[E<]. 
We refer to [FV091 Corollary 3.2] for details. Since [Ej] ■ [E^] = for i ^ j it now 
follows that 



x ( a ) = ELiX-(Si) 
> ELi (I Pi] • [s 

a ■ a\ + k ■ a. 



E,l 



- « ■ [Si]) 
E!=i k • [S, 

(eLp*]) 



EL [Si 



□ 



In what follows we will get further information on x by applying Theorem 13.11 to 
the finite covers of M. 
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3.3. Agol's theorem. The topological input for our main result is Lemma l3~3l which 
is a rather straightforward consequence of Agol's virtual fiberability criterion from 
|Ag08| . We recall from Ag08 the following definition: A group G is called residually 



finite rationally solvable or RFRS if there exists a nested cofinal sequence of normal 
finite index subgroups Gj < G such that for any i the map Gi — > Gi/G i+ i factors 
through Gi — > H\(Gi) /torsion. A group is virtually RFRS if it has a finite index 
subgroup that is RFRS. Agol's theorem can now be stated as follows: 

Theorem 3.2. (Agol) Let N be an irreducible 3-manifold with virtually RFRS fun- 
damental group. Then every class a G H 2 (N) is virtually quasifibered, i.e. given any 
a G H 2 (N) there exists a finite cover n: N — >■ iV so that the transfer ir*a G H 2 (N) is 
contained in the closure of a fibered cone of the Thurston norm ball of H 2 (N; M). 

Using Agol's theorem we can now prove the following lemma: 

Lemma 3.3. Let N be an irreducible 3-manifold with virtually RFRS fundamental 
group. Then there exists a finite cover n: N — >■ N such that for every nontrivial class 
o~ G H 2 (N; M), the class n*a G H 2 (N; M) lies in the closure of the cone over a fibered 
face of the Thurston unit ball B^. 

Proof. Let a G H 2 (N;M.) be a class contained in the cone over a top-dimensional 
open face of B^. By Agol's theorem there exists a finite cover tt: N — >■ N such that 
7i*a is quasifibered. The transfer map n* : H 2 (N;M.) — > H 2 (N;'R) is, up to scale, 
a monomorphism of normed vector spaces when we endow these spaces with their 
respective Thurston norm. It follows that the transfer under ir of any class in the 
closure of the open cone (in H 2 (N; IR)) determined by a will be quasifibered in N. For 
the same reason if a class lies in the closure of a fibered cone, its transfer under further 
finite covers will enjoy the same property (transfers of fibrations are fibrations). Recall 
now that the Thurston unit ball of a 3-manifold is a finite, convex polyhedron, in 
particular it has finitely many top-dimensional open faces. By picking one class in 
the cone above each of these faces, and repeatedly applying Agol's theorem to the 
(transfer of) each such class, we obtain after finitely many steps the cover ir: N N 
of the statement. □ 

This lemma, together with some standard results of Seiberg-Witten theory, allows 
us to describe the dual Thurston norm (hence, ultimately, the Thurston norm) of ./V 
in terms of Seiberg-Witten basic classes of the cover N. In order to avoid technical 
complications, we will limit ourselves to the case where bi(N) > 1, that will be 
sufficient for our purpose. 

In the statement of the corollary and in the rest of the paper we often blur the dif- 
ference between H 2 (N) and its image under the canonical map H 2 (N) — > H 2 (N; R). 
Even though this map is not necessarily injective this abuse of notation should not 
pose any problems to the reader. 
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Corollary 3.4. Let N be an irreducible 3-manifold with virtually RFRS fundamental 
group and bi(N) > 1, and denote by it: N — >■ N the cover of N determined in Lemma 
Iff. 31 Then the dual Thurston norm ball B* N C H 2 (N;M.) is the convex hull of 

H = {(degTi)~ l TX^ | £ = Cl (c), c G 5«i?p(SW^)} C H 2 {N; R). 

Proof. Lemma 13.21 guarantees that, for any class a G H2(N;M), the class ir*a G 
if 2 (7V;IR) is contained in the closure of the cone over a fibered face F of B^. This 

implies, in particular, that ir*a is dual to the negative —e(F) G H 2 (N) of the Euler 
class of the fibration, so that — e(F)(ir*cr) = || 7r*cr || x*- It is well-known that ±e(F) G 
H 2 (N) are basic classes of iV with Seiberg-Witten invariant equal to 1. (For example 
this follows from [Ta94j together with the fact that by [Th76] the manifold S 1 x N 
admits a symplectic structure with canonical bundle —e(F) G H 2 (N) C H 2 ^ 1 x N).) 
As £ • it* a = 7r*£ ■ a it follows that for any a we have 

(deg7r)||cr|| T = ||7tV||t = -e(T)(n*a) < max{7r*£ • cr | £ = ci(c), c G supp^M^)}, 

where the first equality comes from the multiplicativity of the Thurston norm under 
cover, see (JSj). The equality now either follows from the adjunction inequality for 
3-manifolds, i.e. inequality (j2J), or alternatively from |Ta95] . □ 

3.4. Proof of the main theorem. As observed in the introduction, Theorem 11.11 
follows immediately combining Proposition 11.21 with the following 

Lemma 3.5. Let N be a closed irreducible 3-manifold with virtually RFRS funda- 
mental group. Let p: M — > N be the circle bundle with Euler class e G H 2 (N) \ Hjv. 
Then for any a G H 2 (M) we have 

(7) x(a) > \a ■ a\ + \\p*a\\r- 

Proof. We first consider the case that e is non-torsion. Let us start by assuming that 
bi(N) > 2. Denote by it: N — > N the cover of N determined in Lemma [3.3| whose 
degree we will denote as k = degir for the rest of this proof. By pull-back, we have 
an induced covering of M with total space M = tt*M. As no risk of confusion arises 
here, we denote the covering map tt: M — > M as well. (Note that both covers have 
same degree.) 
We will write 

H = {£ = c 1 (c),cGsupp( 1 S^)}cif 2 (iV;M), 

H = ±tt*(#) CH 2 (N;M), 

V = set of vertices of B* N C H 2 {N; E). 

It follows from the discussion in Section 13.11 and Corollary 13.41 that V C H and that 
the convex hull of H agrees with the convex hull of V, i.e. B* N . 
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Now let a G H 2 (M). We will write a = p*a, a = n*a and a = ix*o. We define 

H a := {h G H | h • a = \\a\\ T }, 
H a := In^Hv) and 
V a := {v G V | v ■ a = \\ct\\t}- 

Recall that = A;||ct||t- It follows from the discussion in the proof of Corollary 

13.41 that H a is a non-empty set and that V a C H a . 

Since b\(N) > 2 we obtain from Theorem 12.11 that for any c G Spin c (iV) the 4- 
dimensional Seiberg-Witten invariant of the class p*c G Spin c (M) is given by 

SWj^c) = X;sWtf(c + ie), 
lez 

where e G H 2 (N) is the Euler class of the ^-bundle p: M — »■ N. 

Claim. If e ^ Sjv, then there exists an /i = ci(c) G i^o- such that S'Wjj^c) 7^ 0. 

To prove the claim we start by observing that, as p*a = a, it follows from the long 
exact sequence in Section [2] that e ■ a — e ■ p*a = 0. Now, denote by F the face of 
B* N which is dual to the open face of whose cone contains a. Note that F is the 
convex hull of the vertices in V a \ by the adjunction inequality for 3-manifolds, i.e. 
inequality (|2J), the face F contains all elements in H a . 

Assume by contradiction that for all c G supp(SWjy) such that Ci(c) G H a we have 
SW^(p*c) = 0. This entails that for any such c G supp(SWjy) there exists (at least) 
one I G Z\ {0} such that c + le G supp(S , H / jy). Since e ■ a = 0, ci(c + /e) = ci(c) + 2/e 
lies in fact in H a . Therefore for all h G H a there exists an I G Z \ {0} such that 
^vr^/i + 21 ■ \ft*e G H a . As C iJo-, any v £ V a is of the form v = r7T*/i for 

some /i G -ffo-. Since furthermore H a C F we see that for all v E V a there exists an 
/ G Z\{0} such that v + 2l- ^7r*(e) G F. Therefore the following observation, together 
with the definition of £n, implies that r7r*(e) lies in En- 

Observation. Let F be a convex compact polyhedron and w a non-zero vector with 
the property that for any vertex v of F there exists an / G Z\{0} such that v+lw G F. 
Then one of the edges of F is parallel to w and there exists a vertex v such that u + w 
lies on an edge of F. 

(For the reader's convenience we give a quick outline of the proof: to each vertex 
v of F we can assign a well-defined positive (negative) sign if v + Iw G F for some 
positive (negative) /. It is straightforward to see that not all vertices can have the 
same sign. Let v + and V- be adjacent vertices such that v + has positive sign and t>_ 
has negative sign. Then it is not hard to see that both v + + w and t>„ — w lie on the 
edge connecting v + and 
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As q = 1 (in the notation of Section [2]), the Euler class of M is given by e = ir*e G 
H 2 (N), hence 7r*e = 7r*7r*e = A;e G H 2 (N). We conclude therefore that the image e 
in H 2 (N; M.) lies in £at, i.e. e G Hjv- This concludes the proof of the claim. 

Now let h = ci(c) G # ff with 5W^(p*(c)) ^ 0. By applying Theorem O to M we 
have 

x{pt) > \a ■ a\ + • a = \a ■ a\ + h ■ p*a 
= \a ■ a\ + h ■ a = \a ■ a\ + ||ct||t- 

The theorem in the case bi(N) > 2 and e non-torsion now follows from applying ([6]). 

To complete the proof for nontorsion e let us notice that in the case b\(N) = 1 
we have 62 {M) = 0, hence there is nothing to prove. The case bi(N) = 2 (hence 
&2 {M) = 1) can be reduced to the case of b\(N) > 2: this follows from the fact that 
manifolds with virtually RFRS fundamental group are either virtually abelian or have 



infinite virtual Betti number (see |Ag08[ p. 271]). In the former iV is closed, 

the only possibility by classical results is that iV is covered by T 3 . In any case there 
exist a cover n: N — > N with b\(N) > 2; then application of the (in-) equalities of 
([6]) allow us to reduce the statement for x(a) to the one for x(ir*a). 

The case that e = can be proved analogously (going to a cover with b + (M) > 1 
if necessary) using the equality SWsi x n{p*^) = SWjy(c). Finally the case that e is 
torsion can easily be reduced to the case e = 0: indeed, it is well-known that any 
S^-bundle M over a 3-manifold iV with torsion Euler class is finitely covered by a 
product S 1 x N. (See e.g. [Bow09t Proposition 3] or |FVllat Theorem 2.2] for a quick 
proof.) By the argument above, the lower bounds on the complexity of surfaces in 
the finite cover S 1 x N translate into lower bounds on the complexity of the original 
manifold M. □ 

Remarks. 1. If e G Htv, then the fact that Lemma 13.51 does not apply does not by 
any means entail that the refined adjunction inequality fails to hold; it is simply not 
possible for us, with the relatively limited knowledge of the Seiberg-Witten invariants 
of N, to get more information than the one gathered above. 

2. Conceivably one could get better bounds on x by using any finite cover of M, and 
not just the ones induced by pull-back of a finite cover of N. The argument of the 
proof of Theorem 14 . 61 will show that such covers will not give any further information. 



4. The minimal complexity function 

4.1. Sharp bounds on the complexity of surfaces. In this section we will show 
that in many cases the inequality of Theorem 11.11 is in fact an equality. This section 
partly builds on ideas from [FV09] . which in turn was inspired by the results of |Kr98j . 

We start out with the following definition from [FV09] . which extends an earlier 
definition in [Kr98l Section 1.2] for product manifolds. Given a G H2(M) we say 
that a has Property (*) if there exists a (possibly disconnected) embedded surface 
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SciV and a (possibly disconnected) closed curve c C N in general position with the 
following properties: 

(1) E is a Thurston norm minimizing surface dual to 

(2) the surface E lifts to a surface S in M, 

(3) the singular surface p _1 (c) U E represents a, 

(4) the geometric intersection number of E and c is given by the absolute value 
of the algebraic intersection number E • c. 

Note that, with appropriate orientations, we have a- a = 2 E-c. We have the following 
lemma (cf. also |Kr99] ). 

Lemma 4.1. Let a G H 2 (M) that satisfies Property (*), then there exists a surface 
T which represents a with 

X-(T) — \a ■ a\ + \\p*a\\ T . 

Proof. Let E, E and c as in the definition of Property (*). Around each singular 
point of p~ l {c) U E we can replace a pair of transverse disks with an embedded 
annulus having the same oriented boundary. Note that each replacement increases 
the complexity by 2. We therefore obtain a smooth surface T representing the class 
dual to a with 

X-(^)=X-(S) + X-(P" 1 (c)) + 2|E-c|. 
Note that p _1 (c) is a union of tori, hence X-(p _1 ( c )) = 0. As 2 E • c = a ■ a, we get 

X-(T) = \a • a\ + \\p*a\\ T . 

□ 

We now have the following lemma. 

Lemma 4.2. Let M — > N be a principal S 1 -bundle with Euler class e. Let a G 
H 2 (M). We write H := H^N;^)/ torsion and cr := p*a G H 2 (N) = H l (N]Z) = 
Hom(H, (t)). If a(A N ) ^ 0, then a has Property (*). 

Proof. We write n = div(a). The assumption that cr(A N ) ^ implies by stan- 
dard arguments (see e.g. |FV08l Proposition 3.6]) that the one variable Alexander 
polynomial of N corresponding to a is non-zero. It then follows from |McM02l Propo- 
sition 6.1] that there exists a connected Thurston norm minimizing surface E dual to 
the primitive class By the Gysin sequence, e • a = e ■ p*ot = 0. The restriction of 

the ^-bundle to E is therefore trivial, in particular E lifts to a surface E in M. We 
now denote by nE and nE the union of n parallel copies of E and E. 

It follows from the Gysin sequence that we can find an embedded curve c C N 
such that the class dual to a is given by [nE] + [p _1 (c)]. We can assume that c is in 
general position with nE, hence nE and p~ l {c) are in general position. It is not hard 
to see that as E is connected we can choose (a possibly disconnected) c such that the 
geometric intersection number of E and c is given by the absolute value of E • c, in 
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particular such that the geometric intersection number of nE and c is given by the 
absolute value of nE ■ c. □ 

Remark. Let if be a torsion-free group and p G 7L\H\ a non-zero polynomial. We 
write p = Y2h£H a hh- We consider the Newton polyhedron of p, i.e. the convex hull 
of {h G H | ah 7^ 0} C H <S> M. If for all faces F of the Newton polyhedron we have 

h£FnH 

then it is straightforward to see that for any (j) : H — > (t) we have <p{p) ^ 0. 

Note that the previous lemma together with Theorem 11.11 implies Corollary 11.31 
i.e. they imply that for 'most' ^-bundles over nice 3-manifolds with virtually RFRS 
fundamental group the equality 

x(a) = \a ■ a\ + ||p*a||r 
holds. The following question arises: 

Question 4.3. Let M be an S 1 -bundle over a 3-manifold N . Does the equality 

x(a) = \a ■ a\ + ||p*a||T 

hold for allae H 2 (M)? 

Even though we just showed that we can answer the question in the affirmative for 
many cases, we will now discuss an example that make us think that in general an 
affirmative answer is far from being granted. 

Lemma 4.4. Let N be a closed hyperbolic 3-manifold which admits a primitive class 
o G H2(N) which has a unique Thurston norm minimizing surface E which consists 
of two homologically essential components Ei and E2. Then we can find classes 
a G H 2 (S 1 x N), that can be chosen to have zero or positive self-intersection, that do 
not have Property (*). 

Proof. Let N be a closed hyperbolic 3-manifold which admits a primitive class a G 
H2(N) which has a unique Thurston norm minimizing surface E which consists of 
two homologically essential components Ei and E2. We denote by <7j,i = 1,2 the 
homology class represented by Ej. Note that E 1; E 2 can not be tori since we assumed 
that N is hyperbolic. 

Claim. The classes o\ and 02 define linearly independent elements in H2(N). 

If o"! and 02 do not define linearly independent elements, then 04, a 2 span an infinite 
cyclic subgroup which clearly contains a. Since a is primitive it follows that o~i = k^a 
for some ki G Z \ {0}. But then 

X-(Si) > |K||t = \\kicr\\ T = |A;i|(x_(E 1 ) + X-(E 2 )) > X-( s i)> 
which is a contradiction. 
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Since o\ and <r 2 are linearly independent we can by Poincare duality find oriented 
curves c», i — 1,2 such that <7j ■ q = U for some li ^ e M and such that cr, • C3_j = 0. 
Fix now m G N, and consider c the union oH 2 + m parallel copies of Ci and l\ copies 
of — c 2 . Note that c • Si = (Z 2 + ?n)Zi, c • S 2 = — M2 an d thus c • S = ml\. 

Note that any curve d representing [c] has to intersect Si at least (l 2 +m)li times and 
S 2 at least l\l 2 times. It now follows from the uniqueness property of S = Si US 2 and 
the above discussion that the class in ^(S 1 x N) which corresponds to ([c],cr) under 
the Kiinneth isomorphism H 2 (S 1 x N) = Hi(N) © H 2 (N) does not have Property 
(*). The lemma now follows from a ■ a = 2 c ■ S = 2m/!, which depending on the 
choice of m will be either positive or zero. □ 

In the proof of the previous lemma we identified in particular classes a G H2(S 1 xN) 
such that Kronheimer's lower bounds (and our bounds if iri(N) is virtually RFRS) 
imply that 

x(a) > \a ■ a\ + ||p*a||r = 2ml 1 + x(^0- 

As the construction of Lemma 14.11 fails to apply, it is not clear whether there exists 
a surface in S 1 x N which represents a and which has complexity less than 4/i/ 2 + 
2mh +x(S). 

If such a surface fails to exists, the following lemma would have the rather remark- 
able consequence that x' is not as well-behaved as the Thurston norm: 

Lemma 4.5. Let N be a closed 3-manifold such that n\{N) is virtually RFRS and 
suppose that there exists a class a G H 2 (S 1 x N) such that 

x(a) > \a • a\ + ||p*a||r, 

then either the function x' does not define a seminorm on a finite cover of S 1 x N or 
x' is not multiplicative under finite covers. 

Proof. Let iV be a closed 3-manifold such that 7Ti (N) is virtually RFRS and suppose 
that there exists a class a G H 2 (S 1 x N) such that 

x(a) > \a ■ a\ + ||p*a||r- 

Let us assume that the function x' defines a seminorm on all finite covers of S 1 x iV 
and that x' is multiplicative under finite covers. 

Since vri(A r ) is virtually RFRS, there exists, by Agol's theorem, a finite cover tt : 
N — > N such that ir*(p*a) is quasi-fibered. In particular there exists an open cone 
V C H2(S 1 x N; M) with the following two properties: 

(1) for any class G V n H 2 {S 1 x A^; Z) we have 

x(p) = \p-p\ + \&p\\ T 

(see [Kr99t Corollary 2] for details); 

(2) iv*a lies on the boundary of V. 
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By our assumption x' is a seminorm on H2(S l x N); it thus follows that x'(ir*a) = 
||p*7r*a||T. Similarly, as we assume that x' is multiplicative under finite covers, it now 
follows that x'(a) = \\p*cx\\t, i.e. 

x(a) = \a • a\ + \\p*a\\ T , 

which is a contradiction to our hypothesis. □ 

4.2. Multiplicativity under finite covers. The following theorem determines suf- 
ficient conditions under which the complexity function is multiplicative under finite 
covers and implies, together with Corollary 11.31 Theorem 11.41 As we take arbitrary 
finite covers, we will see from the proof that iteration of the argument of Theorem 
13.51 imposes us to exclude from the statement infinitely many choices of e £ H 2 (N), 
precisely the classes contained in On- 

Theorem 4.6. Let N be a closed irreducible 3-manifold with virtually RFRS fun- 
damental group. Let p: M — >■ iV be a circle bundle of Euler class e £ H 2 (N) \©n 
and let a £ H 2 (M) such that x(a) = \a ■ a\ + ||p*q;||t. Then for any finite cover 
Pm ■ M — > M we have x(p* M a) = deg(pjvf) ■ x(a). 

Proof. We will only consider in the proof the case where bi(N) > 2 and that e is 
non-torsion. The other cases are very similar and can be treated as in the proof of 
Theorem 13. 5[ and we will thus leave them to the reader. 

Let pm '■ M — > M be any finite cover. As discussed in Section [21 M carries an S 1 - 
action with orbit space N, which in turns covers with covering map p^: N — > N. 

According to Lemma 13.31 there exists a finite cover r : — >• N where the transfer 
of any class in H2(N) is quasifibered. It is clear that the composition of the covering 
maps gives a finite cover ir^: N — > N which again has the property that the transfer 
of any class in H 2 {N) is quasifibered. 

We now denote by M the total space of the pull back under r of the 5' 1 -bundle M — > 
N. In line with our previous notation, we denote as well with r the 4-dimensional 
covering map r: M — > M. Also, we denote by ttm '■ M —> M the composition of the 
covers. Finally we denote by e £ H 2 (N) the Euler class of the 5' 1 -bundle M — > N. 

Claim. We have 

vr^e ^ £ N . 

degn N 

As discussed in Section El the Euler class e of p : M — > N satisfies the equation 
qe = ir N e £ H 2 (N). The claim now follows from our assumption that the image 
of e in H 2 (N\IL) is not the (integer) multiple of an element of Sn, i.e. from our 
assumption that e ^ Gjv. 

Now let a £ H 2 {M). We denote by a £ H 2 (M) and a £ H 2 (M) the corresponding 
classes given by the transfer maps. From the proof of Theorem 13.51 we see that the 
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fact that 

7rjv*e ^ S N , 

degn N 

implies that there exists a class h G H Pt , a such that the inequality 

x{a) > \a ■ a\ + pFh ■ a 

holds true. (Here and throughout the proof we adopt the notation of the proof of 
Theorem 13 .51 ) Now p*h-a = h-p^a and using the equality p*a = q-ir^p^a G H 2 (N; R), 
with q G N defined as in Section [2j this takes the form 

x(a) > \a • a\ + p*h ■ a 

> | a • a\ + h ■ p*a 

= \a ■ a\ + q ■ (h ■ ir^p^a) 

= \a-a\+q- ||7r^p*a|| T , 

where the last equality follows from h G H Pta . Using the equations in §6§ and the 
equality deg7Tj\/ = gdegTr^r, we can rewrite this as 

(8) x(a) > deg7TA/(|a • a\ + \\p*a\\ T )- 
Now let a G H2(M) be any class such that 

(9) x(a) = \a ■ a\ + ||p*a||r- 
By elementary reasons (see Equations (Q) we have 

x(a) < deg r ■ x{a) < deg ttm ■ x(a). 

Playing this equation against Equations (IE|) and (J9]), we see that each inequality is in 
fact an equality, hence (as deg7r A / = degr ■ deg pm) we obtain multiplicativity of the 
complexity function as stated. 

□ 

References 

[Ag08] I. Agol, Criteria for virtual fibering, Journal of Topology 1 (2008), 269-284. 
[Agl2] I. Agol, The virtual Haken conjecture, with an appendix by I. Agol, D. Groves, J. Manning, 
preprint (2012). 

[AFW12] M. Aschenbrenner, S. Friedl and H. Wilton, 3-manifold groups, Preprint (2012) 
[Au96] D. Auckly, The Thurston norm and 3- dimensional Seiberg-Witten theory, Osaka J. Math. 33 
(1996), 737-750. 

[BaOl] S. Baldridge, Seiberg-Witten invariants of ^-manifolds with free circle actions, Commun. 

Contemp. Math. 3 (2001), 341-353. 
[BW09] N. Bergeron and D. Wise, A boundary criterion for cubulation, Preprint (2009), to appear 

in Amcr. J. Math. 

[Bow09] J. Bowden, The topology of symplectic circle bundles, Trans. Amer. Math. Soc. 361 (2009), 
no. 10, 5457-5468. 

[Br94] K. S. Brown, Cohomology of groups, Graduate Texts in Mathematics, 87. Springer- Verlag, 
New York (1994) 



IS 



STEFAN FRIEDL AND STEFANO VIDUSSI 



[CDW09] E. Chesebro, J. Deblois and H. Wilton, Some virtually special hyperbolic 3-manifold 

groups, Preprint (2009), to appear in Comment. Math. Helv. 
[EN85] D. Eiscnbud and W. Neumann, Three-dimensional link theory and invariants of plane curve 

singularities, Annals of Mathematics Studies, 110. Princeton University Press, Princeton, NJ, 

1985. 

[FV08] S. Friedl and S. Vidussi, Twisted Alexander polynomials and symplectic structures Amer. J. 

Math. 130 (2), 455-484 (2008) 
[FV09] S. Friedl and S. Vidussi, Twisted Alexander polynomials, symplectic A-manif olds and surfaces 

of minimal complexity, Banach Center Publ. 85 (2009), 43-57 
[FV10] S. Friedl and S. Vidussi, A survey of twisted Alexander polynomials, The Mathematics of 

Knots: Theory and Application (Contributions in Mathematical and Computational Sciences), 

editors: Markus Banagl and Denis Vogel (2010), p. 45-94. 
[FVlla] S. Friedl and S. Vidussi, Symplectic A-manifolds with K = and the Lubotzky alternative, 

Math. Res. Let. 18 (2011), 513-519 
[FVllb] S. Friedl and S. Vidussi, Twisted Alexander polynomials detect fibered 3-manifolds, Annals 

of Math. 173 (2011), 1587-1643 
[FV12a] S. Friedl and S. Vidussi, Construction of symplectic structures on ^-manifolds with a free 

circle action, Proc. Roy. Soc. Edinburgh Sect. A 142 (2012), 359-370 
[FV12b] S. Friedl and S. Vidussi, Twisted Alexander polynomials and the Thurston norm, preprint 

(2012) 

[FV12c] S. Friedl and S. Vidussi, A Vanishing Theorem for Twisted Alexander Polynomials with 
Applications to Symplectic 4-manifolds, to appear in J. Eur. Math. Soc. (2012) 

[Ga83] D. Gabai, Foliations and the topology of 3-manifolds, J. Differential Geometry 18, no. 3: 
445-503 (1983) 

[HW08] F. Haglund and D. Wise, Special cube complexes, Geom. Funct. Anal. 17, No. 5, 1551-1620 
(2008) 

[Kr98] P. Kronhcimcr, Embedded surfaces and gauge theory in three and four dimensions, Surveys in 
differential geometry, Vol. Ill (Cambridge, MA, 1996), 243-298, Int. Press, Boston, MA (1998) 

[Kr99] P. Kronheimer, Minimal genus in S 1 x M 3 , Invent. Math. 135, no. 1: 45-61 (1999). 

[KM97] P. Kronheimer and T. Mrowka, Scalar curvature and the Thurston norm, Math. Res. Lett. 
4, No.6, 931-937 (1997). 

[Lill] Y. Liu, Virtual cubulation of nonpositively curved graph manifolds, Preprint (2011) 

[McM02] C. T. McMullen, The Alexander polynomial of a 3-manifold and the Thurston norm on 
cohomology, Ann. Sci. Ecole Norm. Sup. (4) 35, no. 2: 153-171 (2002) 

[MST97] J. W. Morgan, Z. Szabo and C.H. Taubes, A product formula for the Seiberg-Witen in- 
variants and the generalized Thorn conjecture, J. Diff. Geom., 44 (1997), 706-788. 

[PW12] P. Przytycki and D. Wise, Mixed 3-manifolds are virtually special, Preprint (2012). 

[Ta94] C. H. Taubes, The Seiberg-Witten invariants and symplectic forms, Math. Res. Lett. 1: 809- 
822 (1994). 

[Ta95] C. H. Taubes, More constraints on symplectic forms from Seiberg-Witten invariants, Math. 

Res. Lett. 2: 9-13 (1995). 
[Th76] W. P. Thurston, Some simple examples of symplectic manifolds, Proc. Amer. Math. Soc. 55 

(1976), no. 2, 467-468. 

[Th86] W. P. Thurston, A norm for the homology of 3-manifolds, Mem. Amer. Math. Soc. 339: 
99-130 (1986) 

[Vi03] S. Vidussi, Norms on the cohomology of a 3-manifold and SW theory, Pacific J. Math. 208, 
no. 1: 169-186 (2003) 



MINIMAL GENUS IN 4-MANIFOLDS WITH A FREE CIRCLE ACTION 



19 



[Wi09] D. Wise, The structure of groups with a quasiconvex hierarchy, Electronic Res. Ann. Math. 
Sci., Volume 16, Pages 44-55 (2009) 

[Will] D. Wise, From riches to RAAGs: 3 -manifolds, right-angled Artin groups, and cubical geom- 
etry, lecture notes for the NSF-CBMS conference August 1-5, 2011 held at the CUNY Graduate 
Center, 78 pages (2011) 

[Wil2] D. Wise, The structure of groups with a quasiconvex hierarchy, 181 pages, Preprint (2012) 
downloaded on April 15, 2012 from the webpage for the NSF-CBMS conference. 

Mathematisches Institut, Universitat zu Koln, Germany 
E-mail address: sfriedl@gmail.com 

Department of Mathematics, University of California, Riverside, CA 92521, USA 
E-mail address: svidussi@math.ucr.edu 



